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nds c partial s o ariao es tn a s ::w]l e 

1 c e re o l ated as a la ger tra s -

nodes. is paper extends 

e nstr~ting that certain 

s .... s nd/or d ' f erences of ariables frcn 

seve al o ina io constraints are in fact e i alent in 

t e a .s tat1o se a bo nd o c. partLl s of ariables fr001 

a s ination co straint. e coefficient struct re of 

i s c ass see:ts po inspectiott to ear no rel tions ip o 

ale t o s. · e resent a ge~eral c aracteriza ion for 

ese co s- ai ts a · gi e a proce re for generating equi aient 

cc st a· •s can eo ~rated on by gner's or anne's ethods. Ex -

E!:l classes i ic t e re ge eral constra int structure 

ap ears a e g e in Section 

i i,.. "ze 

s j ect to 

ere = 

is is 

sportation problem can be stated as follows: 

£ 

z xij = 
jE 

r xi. = 

X •• > 

n .... } ana • = 

C· ·X·· lJ lJ 

ap 

bj. 

0 

i 

jc 

(1 • ••• , n 

• a. 
1 

• b· J 

and r 
ie 

frequently presented in a taoleau 

::> 0 

> 0 

a . = i: bj . 1: 
jc 

fonnat as show. in Table 

l e ro re rese ti g each origin constraint and a single column 

rep ... esenti 3 eac dest"nation constraint. 
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Our main assertion is that any singularly constrained transportation 

problen whose extra constraint is of the form 

uM J-:J, 
HXij  ID 

where M'  = :•, - • p; for some peM and for each irM', Ji = S or Ji = US 

( +1  if Ji = S 
and    -=1 .1  if ji = N_s where SCN 

can ot transferred into an enlarged transportation problen.    To give an 

example of one such constraint, consider a transportation problen with 

four origins and five aestinations as depicted in Table 1.    The associatea 

supply and demand values are indicated on the right and lower borders. 

A specific constraint of the type P is 

X21  + x23 + x25 + x31 + x33 + x35 -x42 -x44 ^ 9 

whose non-zero coefficients appear in the table in the cells corresponding 

to the appropriate variables.    In this example 

S = {1,3.5}.    N-S = {2t4/.    p = 1, J2 = {1.3,5;.    J3 ={1.3.5;, and J4 =    2.4. 

D2     D3     D4     D5 

j             I 

+1 
+1 +1    1 

+1 +1 +1    1 

-1 -1 

Supply 

8 

7 

10 

5 

Demand 

Table 1 

rtMfc 
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The procedure we propose for transforming such a constraint into 

a partial  sum of variables in a single rov of the transportation tableau 

creates row multiples P^ and column multiples K. which generate a linear 

combination of the original transportation constraints.    Thereupon, adding 

tnis linear combination to the type P constraint produces a constraint 

which can be accomodated by the methods of [5 ,10].   The procedure con- 

sists of a single iteration of the following instructions. 

Step 1.    Set Ri = 0 for all icM and K. = 0 for all jeN. 

Define Is = iitfl':     ^ = S} 

IN.S = 'ieM':    J.  = N-S> 

Step 2.    If Is = 0 go to step 3.    Otherwise set R. = -1 for all  itl^ 

Step 3.    If N-S = 0 go to step 4.    Otherwise set K- = 1 for all jeN-S. 

Step 4.    Multiply the i     origin and j     destination constraints by 

their corresponding R. and K. values and sum to form a 

linear combination of the standard origin and destination 

constraints.    The addition of the resulting equation to 

the constraint of type P produces an inequality bounding a 

sum of variables in row p. 

To illustrate, we apply this procedure to the exam ""e in Table 1, 

Step 1  sets the multiples R^, R2, R3. R4, and K^, l^, K^, K4, and Kc 

equal to zero and identifies the sets I^ ={2,3}and 1^$ - {4}.  In step 2, 

Rp and R3 are set equal to -1.    In step 3, Kp and K4 are set equal  to +1. 

The constraints of the transportation problem associated with non-zero R^ 

and K.j multiples     and the extra constraint are shown below in detached 

coefficient form with the non-zero R- and K. multiples     indicatea on the 

left. 

*mm 
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Xilx12x13x14x15x2]x22x23x24x25x31x32x33x34x35x41x42x43x44x4S      RrtS 

R3=;-i) 

extra 

11111 

11111 

1 

1 1 

111 11 

1 

=    7 

= 10 

=  a 

=    7 

<    9 

Forming the linear conbination described in step 4 and adding this to the extra 

constraint yields x.    + x.. ^7, as shown below the line.    Using the 

techniques described by Wagner [10 ] and Manne [ 5, p. 332], tne original 

probier, can now be reformulatea as an equivalent uncapacitated transporta- 

tion problem with one additional origin and one additional destination. 

The validity of the transformation procedure is jstablished in the 

following theoren. 

Theorem:    The addition of a constraint of type P to the linear combination 

of the standard origin and destination constraints specified by 

the procedure yields an equivalent constraint bounding a sum of 

variables in row p. 

Proof:        The definitions of M',  1^, lu ci and f< give 

D . 
icH*    Jeu, 

-ixij=  .^ 
icls jcS 

kiJ 
icl^.5 jeN-S 

u 

Adding tne appropriate linear combination of the transportation 

constraints to the expression on the right above yields 
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:        :    xi - -   z        :        x^ -   i        z     x^ +   z        z        x^ 
i-:Is jeS        J       i£lN_sJ-:N-S        J        Ul^    jeN        J       ieM      jeN-S 

■ z Z X..  -    z z xi • -     Z        Z X^j 
ul«. jtN-S       J      id., c jcN-S       J      icM   jcN-S       J 

-z I X^ +   z       z x^ 
kM' jtN-S        J      icM    jeN-S       J 

z z        x.j =   z        xpi     1   0* 
ic-:?} jeN-S        J      jeN-S      W 

where 0' = D +   z     f^a.- +   z   Kib, = D -    I     «i +   i b^ 
ieM jeN    J  J UIS jcN-S      J 

This completes the proof. 

3.    SOME EXTENSIONS 

The general form of the constraint P is stated as a "less than or 

equal" constraint type, but the procedure is clearly valid for both 

equality and "greater than or equal" constraints.    In the latter case, 

an inequality of the form       I      xDi ^ D*   will be produced, which may 
jcN-S    v 

be made suitable for transformation by Wagner's and Manne1 s methods by 

noting that it is equivalent to   I   Xpj Iflp- D'-    Additionally, since 
jeS 

the index sets M and N are arbitrarily associated with origins and des- 

tinations (or rows and columns), P could also describe a class of con- 

straints whose members are equivalent to a partial sum of variables in 

a single column. 

It should be clear that the 5^ values in constraint P could be any 

value so long as all ^ are equal in absolute value.    In this case step 2 
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would need  to be altered to set the appropriate Ri to -k and in step 3 the 

K, multiples     should be set to +k where \iA= k for icM'.   After finding 

the equivalent constraint in step 4 both sides of the constraint would 

then be multiplied through by 1/k to obtain unity coefficients for the 

variables.    If the original right-hand side value of the extra constraint 

is an integer multiple of I -:Jand if the a^ and b^ in the original trans- 

portation problem are integer valued, then the optimal solution to the 

equivalent enlarged transportation problem will be integer valued.    Thus 

our procedure gives a convenient way to solve certain integer programming 

problems with the computationally efficient transportation algorithm. 

If the original problem includes several constraints of type P then 

the procedure could be applied to each extra constraint independently. 

In this case if the transformed constraints involve disjoint sets of var- 

iables or  if the sets of variables are nested in the same node constraint 

then an equivalent larger transportation problem can be derived via [5,10 ], 

The presence of additional constraints necessarily raises questions 

of feasibility, and finding an equivalent restriction may shed light on 

the feasibility of the original problem.    In particular, if the new con- 

straint formed  in step 4 results in all  zero coefficients and a non-neg- 

ative right-hand side then the extra constraint is redundant.    Also, 

cnecking the sign of the coefficients and the sign of the right-hand side 

(in relation to the direction of the inequality) may indicate whether the 

oroblem has any feasible solution whatsoever. 

When constraints can be identified as being of type P then the 

equivalent restriction can be found directly by the formula 

: x-.- ^ D - kz       a,- + kz b^, where k = IdJ and 
jeN-C       PJ icls jeN-S       J '      ' 



the procedure of finding the appropriate linear combination need not be 

explicitly applied.    This is, of course, a direct consequence of the 

prcof of the theorem. 

4.    APPLICATIONS 

Constraints of type P appear in many problems.    For example, consider 

a problem where warehouses ship £ perishable product to several markets 

and because several of the warehouses are physically distant from some of 

the markets a special container must be provided for each item shipped 

along certain routes.    If the supply of these containers is limited then 

the problem can be modeled as a standard transportation problem with the 

additional container constraint.   An example is illustrated in Table 4 

where the -»-1 values denote the routes that require containers.   The in- 

dicated constrain; 

M 1 M2     M3     M4 — 

+1 +1 

+1 ♦1 1 

Table 4. 

is transformable and is equivalent to a constraint on the shipments from 

W1 to M1 and M3. 

A type of "balancing" constraint is also represented by the character- 

ization P.   Suppose that several warehouses can supply several markets.   Given de- 

mands for the product and figures for warehouse supply a transportation 

model can be formulated to determine the minimum cost shipping schedule. 

If in addition management requires a certain degree of specialization, two 
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constraints may be introduced to balance the shipments from certain ware- 

houses to certain markets.    Tables 5a and 5b represent two different bal- 

ancing constraints when the right-hand side of both constraints is zero. 

The constraint indicated in Table 5c is equivalent to that in 5a, and the 

constraint in 5d is equivalent to that in 5b.(Since the constraints in 

Table 5c and in Table 5d include disjoint sets of variables, Wagner's 

procedure can be applied to incorporate both constraints in a larger 

uncapacitated transportation problem.) 

warehouse 

Warehouse 

Market 

12     3     4 

Market 

2     3     4 

A 

B 

C 

♦1 +1 

-1 -1 -1 -1 

+1 +1 

Table 5a. 

Market 
12     3     4 

Table 5b. 

Market 
12     3     4 

♦1 ♦1 A 

B 

C 

1 

♦1 ♦1 

Table 5c. Table 5d, 

Balancing constraints or other constraints of type P also appear in 

models of trading between nations that seek to maintain favorable balances 

of trade by legal restrictions on their Imports and exports.    In such a 

model the total flow of goods from one nation may be required to differ 

by no more than a specified amount from the flow of goods In the reverse 

direction. 



FOOTNOTES 

It has been brought to the authors' attention that these procedures 
were developed in linear programming courses by A. Charnes and U.U. Cooper 
at Carnegie-Mellon, Purdue, Northwestern, and the University of Texas. 
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